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Abstract. We refer to an action of the group Z/p (p here is an odd prime) 
on a stably complex manifold as simple if all its fixed submanifolds have the 
trivial normal bundle. The important particular case of a simple action is an 
action with only isolated fixed points. The problem of cobordism classification 
of manifolds with simple action of Z/p was posed by V. M. Buchstaber and 
S. P. Novikov in 1971. The analogous question of cobordism classification with 
stricter conditions on Z/p-action was answered by Conner and Floyd. Namely, 
Conner and Floyd solved the problem in the case of simple actions with identi- 
cal sets of weights (eigenvalues of the differential of the map corresponding to 
the generator of Z/p) for all fixed submanifolds of same dimension. However, 
the general setting of the problem remained unsolved and is the subject of 
our present paper. We have obtained the description of the set of cobordism 
classes of stably complex manifolds with simple Z/p-action both in terms of 
the coefficients of universal formal group law and in terms of the characteristic 
numbers, which gives the complete solution to the above problem. In particu- 
lar, this gives a purely cohomological obstruction to the existence of a simple 
Z/p-action (or an action with isolated fixed points) on a manifold. We also 
review connections with the Conner-Floyd results and with the well-known 
Stong-Hattori theorem. 



1. Introduction 

By a stably (or weakly almost) complex manifold we mean an orientable dif- 
ferentiable manifold with complex structure in its stable tangent bundle — the 
main object of study in the complex cobordism theory. The fixed point set of a 
smooth action of Z/p on a differentiable manifold M (i.e. the fixed point set of a 
diffeomorphism of an odd prime period) is decomposed into the sum of connected 
fixed submanifolds of even codimensions (cf. [CFl]). The action of Z/p induces a 
representation of Z/p in the tangent space TgM at each fixed point q G M. This 
representation is decomposed into the sum of non-trivial one-dimensional complex 
representations of Z/p and the trivial representation in the tangent subspace to 
the fixed submanifold containing q. This decomposition is same for all fixed points 
within the same connected fixed submanifold. Each non-trivial one-dimensional rep- 
resentation of Z/p is determined by an element Xk £ (Z/p)*, Xk ^ mod p (the 
generator of Z/p acts by multiplication by e^'^^^^/py -y^g j-efei to . . . , Xm as the 
weights of the Z/p-action on M corresponding to the fixed submanifold (here m 
equals half the codimension of the fixed submanifold in M) . 

Definition 1.1. We refer to an action of Z/p on a stably complex manifold M as 
simple if all the fixed submanifolds have trivial normal bundle. A simple action is 
called strictly simple, if the sets of weights for the action are identical for all fixed 
submanifolds of the same dimension. 

The good example of a simple action is an action with only isolated fixed points. 
In the present article we obtain the full classification of complex cobordism classes 
<T S fi(7 containing a manifold with simple action of Z/p. The description is given 
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both in terms of the coefficients of universal formal group law of "geometric cobor- 
disms" (theorem 3.1) and in terms of the characteristic numbers (theorem 4.2, 
corollary 4.3). Our corollary 4.3 can be also viewed as a cohomological obstruction 
to the existence of a simple Z/p-action (or an action with isolated fixed points) on 
a manifold. 

The classification problem for strictly simple actions of Z/p was completely 
solved by Conner and Floyd in [CFl]. (A strictly simple action from definition 1.1 
was called in [CFl] just "an action of Z/p with fixed point set having the trivial 
normal bundle" .) Note, that even in the special case of an action with finite number 
of isolated fixed points the notions of simple and strictly simple action differ (see 
examples below). The Conner-Floyd results follow from the results of our paper. 
At the same time, it seems to us that the approach used in [CFl] does not allow to 
obtain our more general result. 

The applications of the formal group law theory to Z/p-actions were firstly dis- 
cussed in the pioneer article [Nl]. The formal group law theory itself arises in 
topology due to so-called formal group law of geometric cobordisms. The problem 
solved in our article was firstly formulated in [BN] . There was obtained the fornnda 
expressing the mod p cobordism class of a manifold M with a simple action of 
Z/p in terms of the cobordism classes of fixed submanifolds and the weights of the 
action (see formula (9)). Actually, the first results on the problem were obtained 
even earlier, in [K]. Particularly, there was proved the statement mentioned in our 
article as corollary 4.4. In [K], as well as in our work, the set of cobordism classes of 
manifolds with a simple Z/p-action is handled as the f2(7-module spanned by certain 
coefficients of the power system determined by the formal group law of geometric 
cobordisms. (Here ilu is the complex cobordism ring of point, which is isomorphic 
to the polynomial ring Z[ai, 02, . . . ], dega^ = — 2z, as it was shown by Milnor and 
Novikov.) However, our new choice of generators for the above fijy-module allowed 
us to present the answer for the classification problem in terms of the characteristic 
numbers, which of course is much more explicit. 

2. The ring U*{Z/p) of equivariant cobordisms with free Z/p- action 
AND THE Conner-Floyd equations 

Now, let us start with a stably complex manifold M with a simple action of 
Z/p. Let the fixed submanifolds represent the cobordism classes \j G Vlu and have 
weights {x'-^\ . . . ,Xmj) in their (trivial) normal bimdles. Here 2mj +dimAj = 

dimM, (a;^"*^) G (Z/p)*, k = l,...,mj. These data define the cobordism class 
of M in flu up to elements from pClu (cf. [BN]). This follows from the fact that 
the cobordism class of a manifold with free Z/p-action (i.e. without fixed points) 
belongs to pflu, and vice versa, any cobordism class from pflu can be represented 
by a manifold with free action of Z/p. 

Let BZ/p denote the classifying space for the group Z/p (the infinite-dimensional 
lens space) . To each fixed submanifold of the cobordism class A^- G fij/ with weights 
{xi \ . . . ,Xmj), 2m j + dim Aj = dimM, one can associate an element 

a2m,-lix['\... ,xiil) G U2m,-l{BZ/p) 

called the Conner-Floyd invariant (cf. [Nl]). To define it we mention that the bor- 
dism group ?7*(-BZ/p) is isomorphic to the group of free Z/p-equivariant bordisms 
(cf. [CFl]). This isomorphism takes an equivariant bordism class represented by a 
manifold N with free action of Z/p to the bordism class in U^,{B'E/p) determined 
by the classifying map N/{'L/p) BZ/p. Then a2mj-i{xi \ ■ ■ ■ ,Xmj) is defined 
as the equivariant bordism class of the unit sphere in the fibre of (trivial) normal 
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bundle to Xj . If we write this unit sphere as 

{{Zl, ... ,Zm,)€C"'^ ■.\z,\^ + ... + \Zm,\^ = l}, 

then the generator of Z/p acts on it as 

The complex cobordism ring of CP°° is ri[/[b]]5 where v = cf (C) is the first cobor- 
dism Chern class of the universal line bundle C, over CP°° (this follows in the 
standard way from the Atiyah-Hirzebruch spectral sequence in cobordisms). There 
is a canonical bundle / : Blj/p CP°° with fibre S^. The complex cobordism 
ring of BZ/p is U*{BZ/p) = flu[[u\]/i[u]p = 0) (cf. [BN]), where u = f*{v) and 
[u]p = pu + . . . is the p-th power in the (universal) formal group law of geometric 
cobordisms (a series with coefficients in Qu)- We have -D(a,(l,... ,1)) = 
where D is the Poincare Atiyah duality operator from L/*(Lp"~^) to U* {Lp"-^^) 
(here ip"^^ is the standard (2n — l)-dimensional lens space). It follows that the 

f2c/-module U^{BZ/p) is generated by the elements a2i-i(l, • • • ,1) with the follow- 
ing relations: 

(1) o = Mp na2.-i(i,... ,1). 

u 

Here H denotes the cobordism H-product, and 

u'' n a2i-i(l, ...,!)= a2(i-/c)-i(l, ■ • ■ , !)• 
It was shown in [N2] that 

k 

(2) a2k-iixi,... ,Xk) = (jl T-T—) na2fe-i(l,... ,1). 

Here and below [u]k denotes the fc-th power in the formal group law of geometric 
cobordisms. Adding the elements a2k-i{xi, ■ . ■ ,Xk), Xj ^ 1 mod p, to the set of 
generators for the module Ui,{BZ/p) and adding relations (2) to relations (1) we 
obtain the f2c/ igj Z(p)-free resolution of the module C/*(i3Z/p) (here Z(p) is a ring of 
rational numbers whose denominators are relatively prime with p, i.e. the ring of 
integer p-adics): 

— > Fi ^ Fo ^ MBZ/p) 0. 
Here Fq is the free flu ^ Z(p)-module spanned by a2k-i{xi, • • • , Xk), and Fi is the 
free flu <S> Z(p) -module spanned by the elements 

k 

aixi,. .. ,Xk) = a2k-iixi,. ■ . ,Xk) - [Yi "n~) ^ a2fe-i(l, ■ • • ,1), 
\u] 

afe = — na2fe-i(l,... ,1), 
u 

(see formulae (1) and (2)). 

Hence, a simple action of Z/p on M gives rise to a certain relation between 
the elements a2k-i{xi, . . . ,Xk) in U^{BZ/p). Since any element from JJ^iBZjp) 
corresponds to a bordism class of manifold with free Z/p-action, the converse is 
also true: any relation in lJ^{BZ/p) of the form 

\ja2mj-\{xi \ . . . x^^) = 0, Xj e flu, 2mj + dim = dimM, 

j 

is realized on a certain manifold M with a simple action of Z/p whose cobordism 
class in flu is uniquely determined up to elements from pflu. This manifold M can 
be constructed as follows. The relation in C/*(BZ/p) gives us a manifold with free 
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Z/p- action whose boundary is the union of manifolds of the form Xj x S^"^^~^. Then 
we ghic "covers" of the form \j x Z)^"' ' to the boundary to get the closed manifold 
M, which realizes the above relation. Therefore, one can define the "realization 
homomorphism" 

(3) $ : Fi Qu/P^u = ^u(^ Z/p. 

It takes a relation between the elements a2k-i{xiT ■ ■ ■ ,Xk) G U<,{B'Llp) to the 
mod p cobordism class of the manifold that realizes this relation as described above. 
The Conner-Floyd results (of. [CFl], see also [K]) give us the following values of $ 
on the basis relations from Fx: 

k 

<^{a{xi,... ,Xk)) = (npn) i^odp G ilu/pi^u, 
^ak) = -(Mp) mod p e flu/pflu, 

\ U / k 

where ( )k stands for the coefficient of u''. Following [BN], let us consider the 
coefficient ring A(l) c flu of the power system [u]k (i.e. the subring of flu generated 
by the coefficients of the series [u]k for all fc > 0), and its positive part A+(l), 
consisting of elements of non-zero degree in flu- It follows that Im$ = A(l) (8>Z/p, 
where A(l) = A+(l) • flu is the ficz-module spanned by A+(l). The homomorphism 
$ lifts to the homomorphism Fi — > A(l) (g) Z(p), or to the homomorphism Fi — > 
Ap(l) ® where Ap(l) is the fifj-modulc spanned by A+(l) and p. Both these 
homomorphisms will be denoted by the same letter $. 

Thus, the problem of description of cobordism classes of manifolds with a simple 
Z/p-action is equivalent to the problem of description of flu 'S3 Z/p-modulc A(l) 
Z/p, or Qu (S> Z(p)-modules A(l) ® Z(p), Ap(l) ig) Z(p). These modules are ideals in 
flu ®1Ip and flu ® Z(p) correspondingly. 



3. The generator sets for flu ® Z/p-module A(1) ® Ijp and 

flu ® Zp-MODULES A(l) (g) Zp, Ap(l) (g) Zp. 

Let us write 

i.e. ctn' G arc the coefficients of the power system. The module A(l) Cg)Z(p-) is 

therefore generated by a„ , A: > 1, n > 1, over flu ® ^(p)- The following theorem 
shows that the generator set can be taken in such a way that there is only one 
generator in each dimension. 

Theorem 3.1. One can take the following coefficients an G flu'^" o-s generators of 
the flu ® Ij[p)-module A(l) (g Z(p) ; 

{a''^^\ if n is not divisible by p— 1, 
n=l,2,..., 
<^n J if 'n is divisible by p— 1, 

Here pi is any prime generator of the cyclic group (Z/p)*. 

Remark. It follows from the Dirichlet theorem that one can choose a prime gener- 
ator pi of the cyclic group (Z/p)*. 
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(r) 

Proof of theorem 3.1. First, let us consider the coefficients a„ for non-prime r. So, 
let r =piq with prime pi. Since [a;]^ = [[ajjpjg, we have: 

n n 

, n+1 



: piqx + q ^ + ^ (p^x + ^ a^P^^x"^+') 



Taking the coefficient of x^~^^ in both sides of the above identity, we get 
aW=P(a^\...,a^), 

where P is a polynomial with integer coefficients (and zero constant term). Hence, 
we can write 

= Aia^^^^ + . . . + A^a^f^) + fiia['^ +... + M„a(«), A^, ft e ^u- 

Therefore, the coefficients an \ r = piq can be excluded from the set of generators 
for the 0(7 (g) Z(p)-module A(l) ® Z(p-). Now, if q is still not prime, wc repeat the 
above procedure until we arrive at a set of generators consisting only of coefficients 
an^^ with prime pi. Now, what we need to show is that this set of generators can 
still be reduced to the set (4). 

Note, that for any (prime) generator pi of the cyclic group (Z/p)* one can take 
the coefficient a'f^^ as a generator of A(l) (8)Z(p) in the dimension —2 (i.e. in 0^^). 
Indeed, let p2 be any prime. Then [[a;]p2]pi = [Hpi]p2- Hence, 




(5) P1P2X +PiYl a(f^)x"+i + ^ a(f p2X ■ 

n n \ m / 

= P2Pix+p2^a^^^^x"+'+J2^i''^ (pix + J^^t^^""^') ■ 

n n \ m / 

Taking the coefficient of x'^ in both sides of the above identity, we get pia^f^^ + 
pla^^^ = p2a'f'^ + pfa^^'l Hence, (pi - p?)a^^=^ = (p2 -pi)a^^ Since pi is a 
generator of (Z/p)*, the element pi — pi is invertible in Z(p). So, a^f^'' = Xa^'^^ 
with A £ Z(p-) C flu (E) '^(p). Thus, for any prime p2 ^ pi the coefficient a"^'^^ is a 
multiple of af^\ and that is why it can be excluded from the set of generators for 
A(l)0Z(p). 

Now, consider the coefficient system ai, . . . , at, . . . introduced in the theorem. 
(That is, ai is the coefficient of a;'+^ in the series [x\p^ if i is not divisible by — 1, 
and is the coefficient of a;*+^ in the series [x\p if i is divisible by p — 1.) By induction, 
we may suppose that this coefficient system is a set of generators for A(l) (g) Z(p) in 
all dimensions up to — 2(n — 1). Hence, for any q and k <n — l one has 

(6) a^^ =X^fai + ... + \^^\k 

with A,!'''' G Q,u (g) Z(p). We are going to prove that al^-* can be also decomposed in 
such a way. It follows from the above argument that we can consider only prime q. 

First, suppose that n is not divisible by p — 1. Hence, (Xn = o:^^\ where pi is 
a generator of (Z/p)*. Let P2 be any prime. Taking the coefficient of a;"+i in both 
sides of (5), we obtain 

pia^f^) +p^+^a^^'^ + /xiai + . . . + Mn-ia«-i 

= P2a^Jt'^ + K+^Q^f^) + J^iai + . . . + l^n-ian-l 
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Here we expressed coefficients '^k'^\ fc < n, as a linear combinations of 

generators ai, . . . , a„_i, i.e. yUj, G 0,u <8) ^(p)- Therefore, 

(7) -p?)a(f^) = (P2 -Pr')a^f'' + i'^i - Mi)ai + • • • + K-i - Mn-O^n-i. 



Since pi is a generator of (Z/p)* and n is not divisible by p — 1, we deduce that 
pi{l — Pi) is invcrtiblc in Z(p). Thus, it follows from (7) that ail'^^ is a linear 
combination of ai, . . . , and a,,, = ajf^' with coefficients from 0[/ Cg) Z(p-). 

Now, suppose that n is divisible by p — 1, i.e. Q!„ = a™ • Before we pro- 
ceed further, let us make some preliminary remarks. It is well known (Milnor, 
Novikov), that the complex cobordism coefficient ring Qu is a polynomial ring: 
iljj — Z[ai,a2,... ,a„,...], a„ G ftj^ The ring flu is the cocfhcicnt ring of 
the (universal) formal group law of geometric cobordisms (cf. [Q], [BN]). This 
formal group law has a logarithm series with coefficients in ^lu ^ Q, namely 
g{u) — u + ^„ cf. [Nl]. Hence, the coefficient ring of the logarithm 

is fluC^) '■= '^[bi, &2, • • • ,b„,...], where b„ = It is well known that this ring is 

the maximal subring of Of- $5 Q on which all cohomological characteristic numbers 
take integer values. One can choose generator sets {a|}, {b^} for the rings Qu, 
Oc/(Z) such that the inclusion to : 0,u — > CluC^) is as follows: 




p • 6*, if i = p*^ — 1 for some fc > 0, 
b* otherwise. 



Let _B+ be the set of elements of degree ^ in the ring B := VIu{1j) ■ Then {B^Y 
consists of elements in f2[/(Z) that arc decomposable into the product of two non- 
trivial factors. The map lq : flu Oc/(Z) takes the coefficients an^ of the series 
[x]p to the element of the form (p -p"+^)6„ + {{B+f) (cf. [B2, p. 22]). Therefore, 

the coefficients C(pl_^ can be taken as multiplicative generators of ilu ^ ^(p) in 

dimensions p^ — 1. In other dimensions Z ^ p'^ — 1 we have aj^^ G P^u, i-e. a'f^ is 
divisible by p in flu . 

Now, let us return to the proof of theorem 3.1. Let us rewrite the identity (5) 
substituting p for pi : 

PP2X +pj2 ^t^^"'^' + E (^'2^ + "i"'^^' + "2"'^^' 

m m 

= P2PX + P2 E + E + a^fx^ + 0^2^ + ...y^'. 

m m 

Taking the coefficient of x'^'^^ in both sides, we get 



\m<n I 

= P2aW + p"+ia(f=) + / E oit^ipx + "1"^^' + oi'i^x^ + ■■■ . 

\m<n I 

where {■)n+i denotes the coefficient of a;""*"^. Let us write again the coefficients 

for m < n as linear combinations of generators ai, . . . ,am- Since S pQ,u for 
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m ^ — 1, the last identity can be rewritten as 

(8) p{l - p")a(f^) = P2(l - P^)oi^^^ + Pifiiai + ... + Hn-ian-i) 




n+l 



for some /Xj S Q.u (g) Z(p)- The last two summands in the above formula can be 
rewritten as a^p\vi + a^p2_iV2 + . . . + a^^k_iVk, where k = [logp(n + 1)], e ilu- 
The coefficients a''^^_i are multiplicative generators of flu ®Z^pj in the dimensions 
— 1. Since Qu <8> Z(p) is a polynomial ring, one has fi G p^u "X) ^(p), i-e. i^i is 
divisible by p in Qu <8> Z(p) . Let fi = pKi with m £ Clu (8) Z(p) • Then (8) gives 

p(l -p")a(f^) = P2{1 - p^)a^P'> +p(/xiai + . . . + Ai„-ia„-i) 

where fc = [logp(n + 1)], /Uj, G fie/ ig) Z(p). Since n is divisible by p — 1, it follows 
that l—p2 is divisible by p (for p2 p)- Hence, the whole above identity is divisible 
by p. Dividing it by p and mentioning that 1 — p" is invertible in flu (g) Z(p), we 

obtain that is decomposable as 



P 1 - P" 



with \i e ig) Z(p). Thus, setting 



P2{1 -P2) ^ o ^rT, 

we get a decomposition of type (6) for an^^ (note that a„ = a^'), which completes 
the proof of theorem 3.1. □ 

Corollary 3.2. Let pi be a prime generator of the cyclic group (Z/p)* . There is 
the following set of generators for the flu <8) 'Z(^py module Ap(l) (g) 

p, ifn = 0, 

Q.^ = ^ ctn^\ if n is not divisible hyp — 1, 

i/n = /-l, fc = l,2,.... 



The flu 'Si Z/p-module A(l) Z/p has the following generator set: 
( Q;^^^-*, if n is not divisible by p — 1, 



aJLi' ^fn = p''-hk = l,2,.... 



Remark. In both cases there no generators in the dimensions n divisible by p — 1 
other than p'^ — 1. 

Proof. Consider the set of generators for A(l) (g)Z(p) constructed in theorem 3.1. If 
n is divisible by p — 1 and n ^ p^ — 1, the elements a„ are divisible by p, i.e. lie in 
pflu- AH other a„ do not belong to pflu- □ 
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4. COHOMOLOGICAL DESCRIPTION OF THE SET OF COBORDISM CLASSES OF 
MANIFOLDS WITH A SIMPLE ACTION OF Z/p AND SOME COROLLARIES 

In this section we use the previously obtained description of the Qu <8> ^(p)- 

modulc Ap(l) ® Z(p) to prove the result analogous to the well-known Stong-Hattori 
theorem [CF2] . Namely, we will describe the set of cobordism classes of manifolds 
with a simple Z/p- action in terms of the characteristic numbers. 

As it was shown in [BN]. the homomorphism $ : Fi ^ ^p(l) ® ^(p) (see (3) and 
following discussion) can be extended to a homomorphism 7^ : Fq — *■ f2(7(Z) (g) Z(p) 
such that 

/ k \ 
pu \ 



7p(a2fc-i(a-'i,a;2, • • • ,Xk)) = ( (jl uT') 



Mix, / \U\p 

' k 

where a2k-i{xi,X2, ■ ■ ■ ,Xk) G Fq is the Conner-Floyd invariant (see (2)). In par- 
ticular, 

7.(a2.-i(l,...,l))=(|^)^. 

Hence, for any simple action of Z/p on M^" the mod p cobordism class of M^" 
can be expressed in terms of the cobordism classes \j € Q,u of fixed submanifolds 
and the weights x\^^ e (Z/p)* in the corresponding (trivial) normal bundles as 
follows: 

(9) [M2»]^^A,7p(4^\...,x(;l)) modpO^. 

j 

Now, the following question arises: which elements of the form 

^A,-7p(4'\--- e Oc;(Z)0Z(p) 
i 

are cobordism classes of manifolds with a simple Z/p- action? This question was 
firstly posed in [BN] and is analogous to the Milnor Hirzebruch problem of describ- 
ing the set of elements in r2(7(Z) that are cobordism classes of (stably complex) 
manifolds. While the Milnor-Hirzebruch problem is solved by the Stong-Hattori 
theorem, the answer to the above question is given in our theorem 4.2. We will 
need the following definition. 

Definition 4.1. Let uj = X]i=i ' (*)) i,ki £ Z, i > 0, /c, > 0, be a partition of 
n = \\uj\\ = J2i • * (i-6- n is decomposed into the sum of positive integers, and the 
number i enters this sum ki times). We say that the partition lo is divisible by p—l, 
if all i such that ki ^ are divisible by p — 1 (i.e. all the summands are divisible by 
p—l; obviously, such partitions exist only for those n divisible by p — 1). We say 
that the partition uj is non p-adic, if for any j > one has kpj_i = (i.e. there no 
summands of the form p' — 1). 

For each partition ui = Yl\=i k-j{i) let us put = ki ■ i and jw] = ki 
(i.e. w is a partition of ||a;|| with number of summands equals \uj\). A partition ui 
defines a characteristic class s^; as follows. Let us consider the smallest symmetric 
polynomial in x\,... ,x\^\ containing the monomial 

{xi - ■■ Xki){x\^^-^ ■ ■ ■ xl^^j.^) ■ ■ ■ {x\^^_f,^_^_i ■ • •a;|„|). 

This polynomial defines a characteristic class in a usual way (cf. [S]); in order to 
express it in terms of the Chern characteristic classes one should write it as a polyno- 
mial in the elementary symmetric functions ai, and then substitute c, for cr,,;. Given 
an 2n-dimensional stably complex manifold M^", one can define the cohomological 
characteristic numbers s<^(M^") := Saj(rM^")[M^"] G Z for all partitions w such 
that ||a;|| = n. The ii'-theory characteristic numbers St^(M^") e Z (cf. [CF2]) are 
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defined for all partitions ui such that < n; they coincide with the cohomological 
numbers for = n, while for a; = the corresponding ii'-theory characteristic 
number is the Todd genus. 

Theorem 4.2. An element u £ rjf/(Z)~^" (8) Zjp) belongs to the ^lu ^Jj^^^y module 

Ap(l) (8)Z(p) and therefore, is the cobordism class of a manifold with a simple li/p- 
action, if and only if all its K -theory characteristic numbers s^{a): 'Uj = k.^ ■ (i), 
W'^W = Y^i^i ■ i ^ n, lie in Z(p-), and for all partitions lo divisible by p — 1 the 
cohomological characteristic numbers Si^{a), \\uj\\ = n, are zero modulo p. 

Proof, (a) Necessity. 

Let a e Ap(l) ® Z(p)- Note that the set of generators for the ilu ® -module 
Ap(l)0Z(p) described in corollary 3.2 has the following property: each of its elements 
OLi € ■'^p(l) ® ^(p) is a multiplicative generator of Q.u ® Z(p) in dimension —2i. 
However, this set of generators for Ap(l) ® Z(p) has no elements in dimensions — 2i 
such that i is divisible by p — 1 and i ^ p^ — \. So, we add any generators in these 
missing dimensions to get the whole set of multiplicative generators for Q.u ® Z(p) . 
Now wc have '^n ® Z(p-) = Z(p-) [ai, 0:2, ... ]. 

Since a G Ap(l) ® Z(p) C ® Z(p)j it follows from the Stong-Hattori theorem 
that all the /^'-characteristic numbers Si^{a), < n, lie in Z(p). 

If n is not divisible by p — 1, then there are no partitions w divisible by p — 1. 

Now, let n = m{p — 1). One can write cr as a homogeneous polynomial of degree 
—2m{p — 1) in Qj: 

(10) cr= ^ r^au, = rm{p-i)amip-i) + ■ ■ ■ , 

||a;||=m(p-l) 

where , ' for = ^ - fci • (i). It follows from the description of 

Ap(l)(g)Z(p) given in corollary 3.2 that a G Ap(l)(g)Z(p) if and only if the coefficients 
r^) in the decomposition (10) are zero modulo p for all non p-adic and divisible by 
p — I partitions u. 

Consider the Chern-Dold character chu : U*{-) H*{ ■ ;f2c/ (g) Q) in cobor- 
disms [Bl]: 

chu{v)=t + ^Pif+\ 

i>l 

Here v = c^(C) € f7^(CP°°) is the first cobordism Chern class of the universal line 

bundle, t ~ cf^(C) £ -ff^(CP°°) is the same Chern class in cohomologies, and the 
coefficients /3j are from f2[/(Z). Then for any a G ^j}^" holds 

(11) ^= so.{<t)p^, 

\M=n 

where jS^ = -Z?^" for uj = Y,^ki- («). The coefficient ring Z[/3i,/32, . . .] of 

the Chern-Dold character coincides with B = fluC^) (cf. [Bl]). Hence, 




e,-A + ((B+)2) ifz^/-l, 
pci-Pi+piiB+y) ifi=/-l 



with invertible G Z(p). Now, let us write cr as a homogeneous polynomial in 
Since all f3i G r2{7(Z) have integer cohomological characteristic numbers, to prove 
the necessity of the theorem it suffices to show that the coefficient of /3a; in the 
decomposition of a is zero modulo p if the partition u) = J2i ' (0 is divisible by 
p — I. This coefficient is the homological characteristic number Su{a) (see (11)), 
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which can be decomposed as fohows (see (10)): 

(12) Su;{a) = ^ ruj'S^{au:'), 

where lu' D lu means that lo refines lo' . This coefficient is divisible by p. Indeed, if 
the partition to' = K ■ (i) is divisible by p — 1 and non p-adic, then r^,' is zero 
modulo p, since a G Ap(l) (g) Z(p) (see above). If there are some summands of the 
form p*^ — 1 in the partition w', then au,' G p^u{Z) (g) i.e. Sa,{ceu;') is divisible 
by p. Anyway, the whole sum in (12) is divisible by p. The necessity of the theorem 
is proved. 

(b) Sufficiency. 

Since all the if -characteristic numbers of a are in Z(p) , it follows from the Stong- 
Hattori theorem [CF2] that a € flc/ (g)Z(p). Besides, suppose that the characteristic 
numbers s^{a) are zero modulo p for all divisible byp — 1 partitions oj = J2i ' (0) 
M=n. 

Consider again the constructed above generator set ai,a2, ■ ■ ■ for flu (g) In 
order to prove that a G Aj,(l) (g Z(p) one needs to show that for every divisible by 
p—1 and non j>adic partition ui = J2i ' (*) coefficient in decomposition (10) 
is zero modulo p. Let uj be such a partition. We can rewrite identity (12) as follows: 

(13) Sw(o-) = ru,Su,(Q!a,) + ^ ruj'S^^{aui). 

u' Z^ij .u' ^uj 

One can assume by induction that if a partition u' such that u' D w, w' uj, 
\\uj'\\ = m{p — 1), is non p-adic, then the coefficient r^,' is divisible by p. If the 
partition lu' ~ ■ (i) is not non p-adic (i.e. there some summands of the form 

p'' — 1), then Suj{au,') is divisible by p. Anyway, the second summand in the right 
hand side of (13) is zero modulo p. The left hand side of (13) is zero modulo p by 
assumption. Since cj is non p-adic, we have = e- (3^ + . . . with invertible e G Z^p) . 
So, Sc^{au) is not divisible by p. Thus, it follows from (13) that r^j is zero modulo 
p. □ 

Corollary 4.3. An element a G flu is the cobordism class of a manifold with 

T, I p- action whose fixed point set has the trivial normal bundle if and only if the 
cohomological characteristic numbers Sa;(c), \\oj\\ = n, are zero modulo p for all 
divisible by p — 1 partitions uj. 

CoroUciry 4.4. Each cobordism class of dimension n < 4p — 6 contains a manifold 
M" with a simple action ofLjp. 

This result was firstly proved in [K]. In dimension n = 4p — 4 there exist a 
manifold (e.g. CP^^*"^) whose cobordism class does not contain a manifold with a 
simple action of Z/p. 

In Conner and Floyd's book [CFl] it was shown by the methods not involving 
the formal group theory, that a cobordism class a G flu contains a manifold with a 
strictly simple action of Z/p (see definition 1.1) if and only if all the characteristic 
numbers (t^^ (cr) are zero modulo p. More precisely, it was shown there that the set 
of cobordism classes of manifolds with a strictly simple Z/p- action coincides with 
the Oiz-module spanned by the set = p,Y^,Y'^, . . . , where G flu~^ are the 
so-called "Milnor manifolds". These manifolds are uniquely determined by the 
following conditions: S(pi_i)(y*) = p, and Su;{Y^) is divisible hy p for any u. For our 
purposes we may consider flu <8) Z(p)-modules instead of fiu-modules. Hence, one 

could take the elements a^^Li from corollary 3.2 as representatives of the cobordism 
classes of . Now, we see that the n[/0Z(p)-module flu\p, ■ ■ ■]®'^(p) studied 
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by Conner and Floyd is included into our ® -module Ap(l) (g) and the 
set of generators for the former module is a subset of the generator set for the latter 
one. 

Finally, we note that if a certain cobordism class a € flu contains a representative 
M with a strictly simple action of Z/p, then it is not necessarily true that any simple 
action of Z/p on M is strictly simple. Indeed, let us consider two simple actions, 
first on Mi = CPP~^ with generator p G Z/p acting as p{zi : . . . : Zp) = {zi : pz2 : 
. . . : ff~^Zp) (this simple action with p fixed points is strictly simple as well), and 
second on M2 = CP^, p{z\ : Z2) = {zi : PZ2) (this simple action with 2 fixed points 
is not strictly simple). Then one has two simple Z/p-actions on M = Mi x M2: 
p{a, h) = {pa, b) and p(a, h) = (a, pb), aG CP^'S b e CP^. The first one is strictly 
simple, while the second one is not. 

The author is grateful to Prof. V. M. Buchstaber for useful recommendations, 
stimulating discussions and attention to the research. 
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